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Abstract

The study investigates the efficacy of Whooping cough control measures with the use of
mathematical modelling application. The primary purpose of the study is to provide a
vaccination model to carry out a stability analysis on control measures so as to evaluate their
efficiency and effectiveness. This includes a maternally derived immunity, susceptible, infected
and recovered compartmental model (MSIR). Data were collected on incidences of whooping
cough from the Federal Medical Centres of the four states across the North Eastern states
of Nigeria to obtain parameter values. Maple software was used for stability analysis. It
was finally recommended that Immunization organisations in collaboration with government
ought to reinforce routine DTaP vaccination system and effort should be intensified toward
increasing the duration of efficacy of the vaccines utilized and decreasing the level of contact
rate accordingly.
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Introduction

One of the respiratory diseases which is most severe in infants is pertussis (Bordetella pertussis)
popularly known as whooping cough. In 1950s, it was globally a major cause of infant mortality
before massive vaccination was introduced (Fabricius et al. 2013). They also observed a
noticeable drop in the disease incidence due to the implementation of the pertussis
immunization programme.

Vaccination of pregnant women with Tdap protects the mother from becoming infected with
pertussis and making her less likely to transmit pertussis to her infant. This is so because it
stimulates the development of maternal antipertussis antibodies that pass through the placenta,
providing the new born with protection against pertussis in early life (CDC, published data
2013). Crowcroft and Pebody (2006) argued that even though there is high vaccination
coverage over decades whooping cough has not been eliminated in any country. They added
that the number of deaths in young infants caused as a result of pertussis infection has been
increased.

Although a new vaccine DTPads, which was a combination of cellular pertussis vaccines with
diphtheria (DTx) and tetanus tox-oids (TTx), was recommended for routine immunization of
infants, it was accused of causing CNS injury. But this was later disproved (Robbins et al.
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2014). The vaccines reduced the incidence of pertussis significantly in the infants throughout
the developed countries including the United States. It was also supported by Luz, Codeco,
Werneck and Struchiner, (2006) who emphasize that against severe cases of whooping cough,
vaccination of children is an effective preventive strategy. Contrarily, although there is high
vaccination coverage of young infants for more than 50 years in many developed countries,
pertussis is still classified as a re-emerging disease.

According to Munoz et al. (2014) there is a significant higher concentration of antibodies to
all vaccine antigens in infants which was as a result of maternal immunization with Tdap from
birth. This continues till introduction of immunization with DTap at the age of two months and
did not alter infant responses considerably to DTaP. They also emphasized that to provide a
conclusive evidence of the safety and efficacy of Tdap immunization at birth, further research
is therefore needed which led to our current study.

According to Anderson and May 1991; Keeling and Rohani 2007 as in Andrew and Alan
(2010) deterministic models have traditionally formed the basis of mathematical epidemiology.
The susceptible-infected-recovered (SIR) and the susceptible-exposed-infected-recovered
(SEIR) models are the typical methods. However in this study we proposed an MSIR epidemic
mathematical model that has compartments; maternally derived immunity-susceptible-
Infectious-Recovered.

Due to the continuous outburst of infectious diseases, epidemiological mathematics have been
grown exponentially wider since the middle of the 20™" century (Shah and Gupta, 2013). The
period of time between the generations of infected individuals determines the speed at which
an epidemic spreads through a population (Keeling and Danon, 2009). A major goal in the
treatment of individuals with chronic infectious diseases is to bring about an improvement in
their functioning and well-being (Stewart, 1989). According to Abdulrazak, et al. (2012) when
the incidence of an infection starts to increase, people and government think of how best to
combat the outbreak. Vaccination campaigns may be costly and time consuming endeavour, so
any tool that may enable the campaign to become directed or to predict the outcome is highly
valuable.

Mathematical modelling is becoming an increasingly important branch of Mathematics as
computers expand our ability to translate mathematical equations and formulations into
concrete conclusions concerning the world, both natural and artificial that we live in. The
mechanisms by which disease spread have been studied using the modelling of infectious
diseases. The spread of infectious diseases has all the time remain a major threat to public
health (WHO, 2008). Millions of people infected annually from the diseases and millions of
them die as a result (Badshah, Porwal and Tiwari, 2013).

Several forms of control measures exist, all operate by reducing the average amount of
transmission between infectious and susceptible individuals, selecting a suitable control
strategy depends on the nature of the disease. This research is geared towards investigating the
existing measures to find out how efficient and effective they are. Therefore, with the
employment of Mathematical model, hopefully the problem will be addressed. This is a step
forward to see total eradication of the disease.

Statement of the problem
In the twentieth century, pertussis was a standout amongst the most well-known adolescence
infections and a significant reason for youth mortality in the United States. Prior to the
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accessibility of pertussis vaccine in the 1940s, more than 200,000 instances of the pertussis
were accounted for yearly. Since wide spread use of the vaccine began, a low incidence of
more than 80% has been recorded compared with the pre-vaccine era.

According to World Health Organisation (2008), the disease remains a major health problem
among children in developing countries, with an estimate of 195,000 deaths resulting from the
disease. This problem is currently affecting children especially under the age of ten in both
developed and developing countries. Report have shown a total of 48,277 cases of pertussis
worldwide in 2012 and 28639 cases in 2013.

Aims and objectives
The general aim of this research work is to evaluate the efficacy of whooping cough control
measures in Nigeria. To deal with this, it is necessary to address relevant and sufficient
objectives which may include the following:
a. To develop a vaccination model for the Pertussis.
b. To carry out a stability analysis on control measures to evaluate their efficiency and
effectiveness.

Methodology

This research work is a quantitative study that involves deterministic approach of differential
equations and will utilise numerical techniques to perform simulation using Euler’s method.
The population covers all pertussis record cases for the past one year from four Federal Medical
Centres in the North-Eastern States of Nigeria. The data collected will be used to obtain
accurate simulation results. Stability analysis will also be carried out using Maple Software.

Model Formulation

For many infections, including pertussis, babies are not born into the susceptible compartment
but are immune to the disease for the first few months of life due to protection from maternal
antibodies. This new detail can be shown by including an M class, for maternally derived
immunity at the beginning of the model.

Therefore, in this study we proposed an MSIR epidemic mathematical model that has
compartments; maternally derived immunity, Susceptible, Infectious and Recovered. We
prefer this compartment model over others because it generalise some of the models such as
SIR and SIS as it takes care of the M class which is left in those models. It does not also make
things too complicated as in the models with more and more compartments

Assumptions
Let us denote M, S, I, R be the population members of each class. Regarding the transmission
and incubation period, the following assumptions are considered.

1. The population is mixing in a homogeneous manner. That is everyone has equal
chances of contacting the disease that a proportion of the population of new-borns
is immunized against pertussis infection through vaccination;

Expiration of duration of vaccine efficacy at constant rate;

Birth and death occur at constant rate;

That people in the compartment have equal natural death rate;

Recovery occurs at a constant rate;

That all new-borns are previously uninfected by pertussis and therefore join either
the immunized or the susceptible compartment depending on whether they are
vaccinated or not.

ocoakrwn
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Epidemiological diagram of the model:
1—-a)b

RORORONO
n n lt t

Definition of Parameters

a is the proportion of new birth given Diphtheria-Tetanus-acellular-Pertussis (DTaP) vaccines
at birth to protect against infection;

ab is the proportion of incoming individuals immunized against infection;

(1 — a)b represents population of individuals not immunized against infection;

p represents natural death rate;

a represents the rate of vaccine efficacy;

B represents rate of transmission;

Y stands for the rate of successful cure of infections pertussis patients (removal rate);

¢ represents death rate caused as a result of chronic pertussis infection.

Model Description

The population is partitioned into four compartments. A proportion a of new births were given
DTaP vaccines at birth to protect them against infection. The immunized compartment changes
due to the coming in of the immunized children into the population in which it was assumed
that a proportion ab of the incoming individuals are immunized against infection. The
susceptible population increases because of the coming in of new births that were not
immunized against infection into the population at the rate (1 — a)b, this compartment reduces
because of the expiration of vaccine efficacy duration at the rate o and also by natural death at
the rate p and infection with incident rate of infection .

Similarly, the population dynamic of the infectious class grows with the instantaneous
incidence rate of infection p resulting from contacts of members of susceptible class with
infectious class. This class also reduces by natural death rate p, successful cure of infectious
pertussis patients at the rate Y and death caused as a result of chronic pertussis infection at the
rate o. Finally, the dynamic of the recovered class increases with successful cure of infectious
pertussis patients at the rate Y and decreases by natural death rate p.

Model Equations
Using the assumptions stated above, the model will be of the form

dM— b M M

pranl el it

ds
E:(l—a)b+aM—ﬁSI—uS
dI— S1 1 I |

drR ; R

At steady states:
am _ds _dal _ drR _
dt ~ dt dt dt
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This gives;
ab—aM —uM =0 (1.2)
1I-a)b+aM —BSI—uS=0 (1.2)
BSI —yl —ul—al =0 L (1.3)
yI—uR=0 . (1.4)
From (1):
ab
M= o cervee e eee ee e e e (1L5)
From (3): BS—-+u+o)=0
. y+ut+o
Either [=0 or §S= T ve e e e e e e e e e e (1.6)
From (4): R =y;1 (1.7)
At 1 =0, R=0
Substitute for = 0 and M = % in equation (1.2) to get:
1-ap+-220 s
“ a+u_ﬂ
ab+ (1 —a)ub
_brd-au . (18)
pla +p)
Hence the Disease-Free-Steady States are:
ab
M* = veeven e e - (L9
P (1.9)
ab+ (1 —a)ub
e ) (2.0
p(a +p)
I'=0 e e e (2.1)
R* = e e o e (2.2)

Substituting equations (1.5) and (1.6) in (1.2) gives
ab y+u+o y+u+o
- o 20) - (LA (L2229 g
A-a)b+al_— p B 5 [z 5
(a +wW[Bb — u(y + u+ o)l — puab 2.3)
@ttt o) TR 22
And also, substituting equation (9) in (4) gives:

_ylla+w{Bb—puly +u+o0)} — puab]
R= T R )

Hence the epidemic steady states are:

I =

y =2 2.5
ST e e e e (2.5)
S* = % . (2.6)
. (a+[pb—uly +p+0)]—Puab
I* = CETETET e (227)
pe oY@t Wb —ply tut o)l = puabl - . (28)

pula+w)(y +u+o)
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Basic Reproduction Number, R,

In epidemiology, the basic reproduction number refers to the number of new cases of infection
linked to a person infected shortly after the pathogen was introduced into population with no
pre-existing immunity. Generally the higher the value of R, the harder it is to control the
epidemic. When R, < 1, the infection will die out in the long run. But when R, > 1, the
infection will invade.

The Threshold,

1 _ytuto (2.9)
Ro B

This implies, R, = B v eeeee e e e e (3.0)

y+u+o

Numerical calculation of R,

Take parameters in the model system as Y = 0.213, B = 0.235, u=0.0034, ¢ = 0.142

For these parameter values, the basic reproduction number for the Disease-Free Equilibrium
(DFE) is R, = 0.6557 < 1 .This shows that the infection is temporal and the disease dies out
in time. If we keep the value of p unchanged and let Y'=0.0213, § = 0.0651, ¢ = 0.0142, then
the basic reproduction number is calculated as R, = 1.6735 > 1 and the disease becomes
endemic. In this situation, an average infectious individual is able to replace itself and the
number of infected rises and an epidemic reveals.

Stability Analysis

Having obtained the equilibrium states, we now move forward to investigate the stability of
the equilibrium states by examine the behaviour of the model near the equilibrium states. This
is done by computing the Jacobian matrix as follows:

—(a+uw) 0 0 0
_ a —Bl+p) —BS 0
/= 0 Bl BS—(y+u+o) O
0 0 Y —u
The characteristic equation of the Jacobian matrix is
—(a+pu+2i) 0 0 0
a —BI+u+2) —BS 0
/=l = 0 BI BS—(+u+to) o |7°
0 0 14 —(u+2)

(@+p+D{-Bl+pu+ D=+ Dy —p—-0+pS—-D}=0

Zero Equilibrium State
At the Disease-Free-Equilibrium (DFE);

a+u+1=0
That is MA=—a—u
And Bl+u+1=0
Putting [=0 in Pl+pu+A=0, gives A, =-—pu
Then u+1=0 = A3 =—u
Also, —Yy—u—o0+pS—21=0
. __ab+(1-a)ub ,
Putting S _'B—b” (a?{) ,) ﬂgl;;es
app+ (1 —a)bu
Ay = —(y+u+o)
' u(a + p)

A1 Ay, A3 are all negative and A, should also be negative if
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afb+(1-a)pub
< tuto)
Non-Zero Equilibrium State

To investigate the stability of the endemic equilibrium state, we did apply the Bellman and
Cooke’s theorem as stated in Momoh, et al., (2014).

Bellman and Cooke’s theorem
Let H(z) = P(z,e*) where P(z,w) is a polynomial with principal term.
Suppose, H(iy),y € R, is separated into its real and imaginary parts:
H(iy) = F(y) +iG(y)
If the zeros of H(y) have negative real parts, then the zeros of F(y) and G (y)are real, simple
and alternate. Then
F(0)G'(0) — F'(0)G(0) >0, vy eR RN ¢ )
Conversely, all zeros of H(z) will be in the left half plane provided that either of the following
condition is satisfied:
1. All the zeros of F(y) and G (y) are real, simple and alternate and the inequality (3.1) is
satisfied at least for one y
2. All zeros of F(y) are real and for each zero, the relation (3.1) is satisfied
3. All zeros of G(y) are real and for each zero, the relation (3.1) is satisfied
Applying the theorem:
J—AM=2*+U@u—-BS+y+o+Bl+a)®+ (—3BSu+ 3yu+ 6u?+ 3ou + 3upl +
3ap — BSPI — afS + Byl + ay + ol + ao + afl)A* + (3yu? +
3u%o + 3B1u? + 3au? — 2BSPIu — 2BSau + 2LIyu + 2ayu +
2auc + 2flap — aBSPI + ayBl + acBfl — 3u?BS + 4u)A +
pBS+y+uto)Bl+w(a+pu)=0
H(ig) = (i)*+ (4p—BS+y+ o+ Bl +a)(iq)® + (—3BSu + 3yu + 6u? + 3ou +
3uBl + 3au — BSBI — afS + Byl + ay + Bol + aoc + aBl)(iq)? +
(Byu? + 3u?0 + 3B1u? + 3au? — 2pSPIu — 2BSap + 2LIyu + 2ayu +
2auc + 2flap — aBSPI + ayBl + acPfl — 3u?BS + 4u®)(iq) +
pBS+y+uto)pl+w(a+u)=0
H(iq) = F(q) + iG(q) Where:
F(q) = q* + (—3uBS + 3uy + 6u? + 3uc + 3ufl + 3ua — BSPI — afS + yBI + ay
+ofl +aoc +aBl)(q)* + u(=pS+vy +u+o)(BI + p)(a +p)
A F(O)=pBS+y+u+o)Bl+w)(a+p
n
F'(q) = 4q3 + 2(=3upBS + 3uy + 6u? + 3uc + 3upfl + 3ua — BSBI — aBS + yBI + ay
+ ofl +ac + afl)q
F'(0) =0
Also,
G(@)=Uu—BS+a+y+ao+pNq®+ Byu? +3u?c + 3u?pI + 3au? — 2upSPI
— 2aupS + 2yufBl + 2ayu + 2auc + 2aufl — afSPI + ayfl + acfl
— 3u*BS + 4p®)q
G(0)=0
G'(q) =3UAu—pBS+a+y+o+pqg*+ Byu? +3u?c + 3u?pI + 3au? — 2uBSPI
— 2auBS + 2yuBl + 2ayu + 2auc + 2aufl — aBSBI + ayBIl + acfl
— 3u”BS + 4p)
G'(0) = (Byu? + 3u?0 + 3u?pI + 3au® — 2uBSBI — 2auPS + 2yupl + 2ayu +
2auo + 2aupl — aBSPI + ayBl + acBl — 3u?BS + 4u®)
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Therefore,

] =F(0)G'(0) >0 ..(3.2)
Substituting the expressions for S*and I* in equation (3 2) above we evaluate J using the
parameter values with the Maple software and the result is presented in table 1.1 below:

Table 1.1

a b a B Y u g J Remark
0.30 |0.90 |0.10 |{0.00 |0.00 |0.01 |0.00 | 0.00000000000000 Threshold
0.30 |0.90 |0.20 |1.00 |0.10 |0.01 | 0.10 | 0.000001648565089 Stable
0.30 {090 |0.30 |1.50 |0.20 [0.01 |0.30 |-0.00006251714876 Unstable
0.30 |0.90 |0.40 |2.00 |0.30 |[0.01 |0.40 |-0.00008066708356 Unstable
0.30 |0.90 |0.50 |250 |0.40 |0.01 |0.20 | 0.00009293714470 Stable
0.30 |0.90 |0.60 {3.00 |0.50 |0.01 |0.20 | 0.0002617861087 Stable
0.30 |0.90 |0.70 | 3.50 |0.60 |0.01 |0.20 | 0.0005364792478 Stable
0.30 {090 |0.80 |4.00 |0.70 |0.01 |0.00 | 0.002377517469 Stable
0.30 | 090 |0.90 |{450 |0.80 |0.01 |0.10 |0.0002754776803 Stable
0.30 | 090 |1.00 |5.00 |0.90 |0.01 |1.00 |-0.002089504255 Unstable

The following figures show the simulation results of the model using the parameter values
collected from the four selected medical centres named as H,, H,, H;, and H,

H,
1.2
1
0.8
0.6
0.4
0.2
o

8] 20 40 60 30 100 120

Mn Sn In Rn
Figure 1.1 Simulation result of H;
1.2
1 —

0.8
0.6
0.4
0.2
0

0 20 40 60 80 100 120

———Mn =—5n In ==——Rn

Figure 1.2 Simulation result of H,
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0.2
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e VI =S In e Rn

Figure 1.3 Simulation result of H

1.2

0.8
0.6

0.4
0.2

0 20 40 60 80 100 120 140 160
e V] e S0 IN e Rn

Figure 1.4 Simulation result of H,

From figure 1.1, it is clearly seen that every new born babies were given protection from
maternal antibodies. They were immunised within the first few months of life and pass through
a maternally derived immunity. This compartment remained static because the birth and death
occur at constant rate. Some of these individuals moved into the susceptible compartment
where everyone has equal chance of becoming infected. As infection starts manifesting, the
population in the susceptible class reduces because some babies became infected and moved
to the infectious class while others die naturally. This process continues till vaccination
campaign was implemented. Then individuals in the infectious compartment begin to recover
from the disease.

According to figure 1.1, infected individual get recovered at around forty-five (45) days of
infection. From figure 1.2, we observed that the infected individual can get recovered within
eighty-five (85) days of infection. Figure 1.3 indicates that the infected individual can be
recovered at around sixty-five (65) days of infection. Whereas figure 1.4 shows that infected
individual can get recovered from the disease within hundred and fifty (150) days of infection.
The disparity in the duration for every individual to recover from the disease as seen above,
depends upon the type of vaccine used and the time of application.

Discussion

In this study, stability analysis of Whooping Cough have been investigated on assessing the
efficacy of its measures of control. Bellman and Cooke’s Theorem techniques was used in the
analysis of this model to test for the stability. This fundamental theorem establishes the analysis
of the stability of characteristic equation as stated by Momoh, et al., (2014). The system (1.1)
—(1.4) is locally stable around the epidemic equilibrium state. When the contact rate increases
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from 1.0 to 1.5 then to 2.0, the system is unstable. However, with increase the vaccine efficacy,
although the contact rate increases, the system around the epidemic equilibrium state remain
stable up till when the contact rate is kept below 5.0 and otherwise the epidemic equilibrium
state is unstable.

For the DFE to be stable, it is necessary that all the four eigenvalues are negative and this will
be achieved by having

afb + (1 —a)Bub

u(a +p)

This indicates that at this state, Whooping Cough dies out in time. This was equally observed
by Fabricius et al. (2013) who realised a noticeable drop in the disease incidence due to the
implementation of the pertussis immunization programme. However, there is need for the
persistence of Vaccination of pregnant women with DTap to protects the mother from
becoming infected with pertussis and making her less likely to transmit pertussis to her infant.

<(@y+u+o)

Conclusion

In this research, stability analysis of pertussis has been investigated on the effect of DTaP
vaccine to the prevention of whooping cough using an MSIR Mathematical model. It was
successfully proved that provided the four eigenvalues found to be negative the disease free
equilibrium state is stable. At this point, it is relevant to indicate that pertussis will be
completely eradicated. However, it is important to note that for the population to be sustained,
the recovery rate from infectious class must be greater or equal to the natural death rate
combined with the death rate due to infection else the population will approach to extinction.

Recommendation

Immunization organisations in collaboration with government ought to reinforce routine DTap
vaccination system and effort should be intensified toward increasing the duration of efficacy
of the vaccines utilized and decreasing the level of contact rate accordingly. The model
developed in this paper can be used in interactive workshops with health planners and other
stakeholders in the analysis of pertussis control strategies so that participants could gain a better
understanding of how vaccination campaign become much effective in controlling the disease.
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